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ABSTRACT
We explore nonlinear effects of wave-particle interactions on the diffusive shock acceleration (DSA) process
in Type Ia-like, SNR blast waves, by implementing phenomenological models for magnetic field amplification,
Alfvénic drift, and particle escape in time-dependent numerical simulations of nonlinear DSA. For typical SNR
parameters the CR protons can be accelerated to PeV energies only if the region of amplified field ahead of the
shock is extensive enough to contain the diffusion lengths of the particles of interest. Even with the help of
Alfvénic drift, it remains somewhat challenging to construct a nonlinear DSA model for SNRs in which order
of 10 % of the supernova explosion energy is converted to the CR energy and the magnetic field is amplified
by a factor of 10 or so in the shock precursor, while, at the same time, the energy spectrum of PeV protons
is steeper than E−2. To explore the influence of these physical effects on observed SNR emissions, we also
compute resulting radio-to-gamma-ray spectra. Nonthermal emission spectra, especially in X-ray and gamma-
ray bands, depend on the time dependent evolution of CR injection process, magnetic field amplification, and
particle escape, as well as the shock dynamic evolution. This result comes from the fact that the high energy end
of the CR spectrum is composed of the particles that are injected in the very early stages of blast wave evolution.
Thus it is crucial to understand better the plasma wave-particle interactions associated with collisionless shocks
in detail modeling of nonthermal radiation from SNRs.
Subject headings: acceleration of particles — cosmic rays — supernova remnants — shock waves
1. INTRODUCTION
Supernova remnants (SNRs) are strong sources of nonther-
mal radiations, indicating clearly that they are sites of efficient
particle acceleration. In fact, SNRs are thought to be respon-
sible via the diffusive shock acceleration (DSA) mechanism
for the production of most of the Galactic cosmic rays (CRs)
at least up to the first knee energy of 1015.5eV (see Hillas
2005; Reynolds 2008, for reviews). The spectral and spatial
distributions of the nonthermal emissions carry important in-
formation about how DSA works in SNRs. At present there
are several significant tensions in this comparison, especially
in comparisons that account for likely nonlinear feedback of
DSA on the shock dynamics and structure (e.g. Malkov et al.
2011; Caprioli 2012; Kang 2013). The possibility of strong
magnetic field amplification (MFA) as a consequence of non-
linear DSA has recently received considerable attention in this
context (e.g. Reynolds et al. 2012; Schure et al. 2012).
In DSA theory suprathermal particles go through pitch-
angle scatterings by magnetohydrodynamic (MHD) waves
around collisionless shocks and can be accelerated to rela-
tivistic energies through the Fermi first-order process (Bell
1978; Drury 1983; Malkov & Drury 2001). In fact, those
waves are known to be self-excited both resonantly and non-
resonantly by CRs streaming away from the shock (e.g.
Skilling 1975b; Lucek & Bell 2000; Bell 2004). Plasma
and MHD simulations have shown that the CR streaming
instability indeed excites MHD waves and amplifies the
turbulent magnetic fields by as much as orders of mag-
nitude in the shock precursor (e.g. Zirakashvili & Ptuskin
2008; Ohira et al. 2009; Riquelme & Spitkovsky 2009, 2010;
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Bell et al. 2013). Thin X-ray rims of several young Galac-
tic SNRs provide observational evidence that the magnetic
field is amplified up to several 100µG downstream of the
forward shock (e.g. Bamba et al. 2003; Parizot et al. 2006;
Eriksen et al. 2011). We note, however, there is as yet no di-
rect observational evidence for the amplified magnetic field in
the upstream, precursor structures of SNR shocks.
An immediate consequence of magnetic amplification
(MFA) in shock precursors is the potential to accelerate CR
ions beyond the first knee, which is otherwise difficult in
SNRs (Lagage & Cesarsky 1983). The maximum attain-
able energy, given by the so-called Hillas constraint, Emax ∼
(us/c)eZBrs, can reach up to 1015.5Z eV for typical SNRs only
if the upstream, ISM, magnetic field, B, is amplified in the pre-
cursor of the shock by a factor of at least 10 or so above typical
ISM values (e.g., Lucek & Bell 2000; Hillas 2005). Here us
and c are the shock speed and the light speed, respectively, eZ
is the particle charge and rs is the shock radius.
Generally this scenario depends on the highest energy
CRs themselves driving the amplification of turbulent
fields over the associated CR diffusion length scale of
lmax = κ(pmax)/us ∼ rg(pmax) · (c/3us), which is much
larger than the gyroradius, rg(pmax) = pmaxc/(eZB),
where κ(p) is the CR diffusion coefficient (Kang
2013). The diffusion length, lmax, corresponds to the
scale height of the shock precursor, which in practical
terms, if one adopts Bohm diffusion, is approximately
lmax ≈ 0.65pc(pmaxc/1PeV)(B1/50 µG)−1 (us/3000 km s−1)−1
(where B1 is the amplified magnetic field in the precursor).
In the initial, linear stages of current-driven MFA the non-
resonantly driven waves grow exponentially in time with
characteristic fluctuation scales much smaller than rg of es-
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caping particles (Pelletier et al. 2006). The maximum lin-
ear growth rate and the corresponding length scale are de-
termined by the return current, jCR ∝ us p3max f (pmax), which
depends on the flux of escaping particles with p & pmax
(Bell et al. 2013). After the nonresonant mode becomes
nonlinear (i.e., δB/B0 > 1), for typical SNR shocks (us <
0.1c), the growth is dominated by the resonant mode and
the MHD turbulence continues to grow with fluctuations on
increasingly larger scales up to rg, being limited by the ad-
vection time over which the shock sweeps the precursor
plasma (Marcowith & Casse 2010). Moreover, other pro-
cesses such as the acoustic instability may operate simulta-
neously and lead to the growth of MHD turbulence on fluc-
tuation scales larger than rg (Schure et al. 2012). It has also
been suggested that magnetic field fluctuations in shocks can
grow on scales larger than rg(pmax) in the presence of non-
resonant circularly-polarized waves through the mean-field
dynamo (Bykov et al. 2011; Rogachevskii et al. 2012), or
through other microphysical and hydrodynamical instabilities
within the shock precursor including the firehose, filamen-
tation, and acoustic instabilities (e.g. Reville & Bell 2012;
Beresnyak et al. 2009; Drury & Downes 2012; Schure et al.
2012; Caprioli & Spitkovsky 2013).
If MFA were confined only to a narrow region (≪ lmax)
close to the shock or occurred only downstream of the shock,
the highest energy CRs with large diffusion lengths could not
be accelerated efficiently, and pmax would still be limited by
the background magnetic field, B0, instead of the amplified
field, B1. In most recent discussions CRs drive shock precur-
sor MFA at rates that depend on the electric current associated
with particle escape ahead of the shock (e.g., Bell 2004)2, al-
though it remains to be understood if the CR current owing
to the escaping highest energy CRs far upstream is a able to
generate magnetic turbulence spanning lengths comparable to
their own diffusion lengths. We do not attempt to address
that issue here, but, instead apply several previously proposed
phenomenological models for MFA motivated by this idea, in
order to compare their impact on DSA and associated nonther-
mal emissions in evolving SNR shocks. Our particular aim in
this regard is to evaluate the importance of the distribution of
the amplified magnetic field within the CR precursor, since
various interpretations of MFA in the literature lead to differ-
ent distributions.
One of the signature consequences of standard nonlinear
DSA theory in strong shocks is the hardening of the CR spec-
trum compared to test particle DSA theory at momenta ap-
proaching pmax from below, along with a steepening of the
spectrum at low momenta (e.g., Caprioli et al. 2010b). That
is, the predicted CR spectrum becomes concave between the
injection momentum and the upper, cutoff momentum. This
expected behavior does not, however, seem to be reflected in
observed nonthermal emissions, as discussed below. In fact,
γ-ray emissions seen in some SNRs seem best explained if
the high energy CR spectra are actually steeper than predicted
with test particle DSA theory. Influences of MFA in the non-
linear DSA theory have been suggested as one remedy for this
conflict. We will explore that issue in this work.
In fact a reduction of the CR acceleration efficiency and a
steepening of the CR spectrum are potentially important con-
sequences of MFA. These would result from increased rates of
so-called Alfvénic drift (e.g. Vladimirov et al. 2008; Caprioli
2 But, see e.g., Beresnyak et al. (2009); Drury & Downes (2012) for alter-
nate views.
2012; Kang 2012), if the mean magnetic field is enhanced
along the shock normal on scales large compared to parti-
cle gyroradii. Resonantly excited Alfvén waves tend to drift
along the mean field in the direction of CR streaming with
respect to the background flow, so opposite to the CR num-
ber (pressure) gradient. Then the mean convective velocity of
the scattering centers becomes u + uw, where uw is the mean
drift velocity of the scattering centers (Skilling 1975a; Bell
1978; Ptuskin & Zirakashvili 2005). For spherically expand-
ing SNR shocks, the CR pressure peaks at the shock location.
Thus, resonant waves moving outward into the background
medium dominate in the upstream region, while inward prop-
agating waves may dominate behind the shock. Then in
mostly quasi-parallel spherical shocks it would be expected
that the radial wave drift speed is uw,1 ≈ +vA in the upstream
shock precursor (where vA = B/
√
4πρ is the local Alfvén
speed), while uw,2 ≈ −vA behind the shock (Skilling 1975a;
Zirakashvili & Ptuskin 2012). It is conceivable, however, in
the downstream region of the forward SNR shock that the for-
ward and backward moving waves could be nearly balanced
there (i.e. uw,2 ≈ 0) as a result of shock-related instabilities
(e.g., Jones 1993). On the other hand, we do not have a fully
self-consistent model for the wave generation and amplifica-
tion via wave-particle and wave-wave interactions around the
shock. As we will demonstrate below, significant post-shock
drift in an amplified field could strongly influence the re-
sulting shock and CR properties (e.g., Zirakashvili & Ptuskin
2012). To illustrate that point simply, we will consider models
in which either uw,2 ≈ 0 or uw,2 ≈ −vA is adopted.
These drifting effects probably are not relevant in the ab-
sence of MFA, since for typical Type Ia SNRs propagating
into the interstellar medium, the effects of Alfvénic drift can
be ignored. The Alfvénic Mach number is large for fast
shocks in the interstellar medium, e.g., MA = us/vA ∼ 200 for
B0 ≈ 5 µG. However, if the magnetic field strength is in-
creased by a factor of 10 or more in the precursor, Alfvénic
drift may affect significantly DSA at such SNRs.
In the presence of fast Alfvénic drift due to efficient MFA,
the velocity jumps that the scattering centers experience
across the shock would become significantly smaller than
those of the underlying flow (e.g., Bell 1978; Schlickeiser
1989). Since CR particles are isotropized in the mean frame
of scattering centers rather than the underlying fluid, the re-
sulting CR spectrum becomes softer than that predicted with
the velocity jump for the background flow (see, e.g., Equa-
tions (8) and (9) below). Then DSA extracts less energy from
the shock flow, because the rate at which particles gain en-
ergy is reduced compared to the rate of particle escape down-
stream. Consequently, there are fewer of the most energetic
CRs (e.g., Kang 2012). For this reason Alfvénic drift has
been pointed out as a means to obtain a CR energy spec-
trum steeper than the conventional test-particle power-law for
strong shocks, e.g. N(E) ∝ E−2.3 (e.g. Morlino & Caprioli
2012), as required to explain the observed γ-ray spectra as a
consequence of secondary pion decay in the GeV-TeV band
of some young SNRs (Abdo et al. 2010; Acero et al. 2010;
Acciari et al. 2011; Caprioli 2011; Giordano et al. 2012).
Exploring this effect, Caprioli (2012) recently presented a
nonlinear DSA model to produce a spectrum of SNR accel-
erated CRs that is steeper than the test-particle power-law at
strong shocks by specifically accounting for Alfvénic drift in
strongly amplified magnetic fields. He adopted a magnetic
field amplification model in which the turbulent magnetic
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fields induced by CR streaming instabilities increase rapidly
to a saturation level that is spatially uniform within the shock
precursor. His model targeted spherical SNR shocks, but was
based on sequential, semi-analytic, steady state DSA solu-
tions; our work below, similarly motivated, applies spherical,
explicitly time evolving numerical models to the problem.
Beyond Alfvénic drift, there is another potentially impor-
tant property of CRs in SNR shocks that may lead to steeper
spectra at the highest energies. First, it is expected that the
highest energy particles may escape rapidly from the system
when the diffusion length becomes greater than the shock cur-
vature radius, i.e., lmax & rs(t). In particular, note that the
Hillas constraint given above corresponds, with Bohm dif-
fusion, to the condition lmax ∼ (1/3)rs. This would steepen
the CR spectrum with respect to the plane shock solution.
which, in turn, would reduce the charge current driving in-
stabilities, thus reducing the efficiency of particle scattering
at the highest energies. However, considering that for typi-
cal SNRs, rs ∼ 3 − 10 pc, while lmax ∼ 0.5pc(Emax/1PeV) in
the case of efficient MFA in the upstream region, more strin-
gent conditions due to reduction of MHD turbulence should
be imposed here. As we described above in the discussion of
MFA in the shock precursor, it remains uncertain up to what
upstream location the highest energy particles can generate
turbulent wave fields that are strong enough to confine them-
selves around the shock via resonant scattering (Caprioli et al.
2010a; Drury 2011). Moreover, during the late Sedov-Taylor
stage of SNRs evolving in partially ionized media wave dis-
sipation due to ion-neutral collisions may weaken stochastic
scattering on the relevant scales, facilitating free streaming
of high energy CRs away from the SNR and out of the DSA
process (Ptuskin & Zirakashvili 2005; Malkov et al. 2011). In
order to account for such effects, we consider a free escape
boundary located at rFEB = (1.1 − 1.5)rs(t).
We mention for completeness that alternate and more com-
plex approaches to explaining the steep γ-ray spectra in SNRs
have been suggested. For example, Berezhko et al. (2013)
have proposed recently that the observed, steep γ-ray spec-
trum of Tycho’s SNR could be explained by pion production
from the combined populations of CR protons accelerated
by shocks propagating into an ISM including two different
phases.
As noted earlier, multi-band observations of nonthermal
emissions from radio to γ-ray provide a powerful tool
to test theoretical modeling of nonlinear DSA at SNRs
(e.g. Berezhko et al. 2009, 2012; Caprioli 2011; Kang 2011;
Morlino & Caprioli 2012). For instance the radio spec-
trum, Fν ∝ ν−α, represents the energy spectrum of electrons,
Ne(E) ∝ E−r (with r = 2α + 1 and E = γemec2). In a mag-
netic field of typical strength, B ∼ 100µG, these electrons
have a characteristic Lorentz factor, γe ∼
√
νmec/(eB)∼ 103,
for radio synchrotron emissions in the GHz band. If the
peak CR electron energy is determined by a balance be-
tween DSA and synchrotron energy losses, and we assume for
simplicity a steady shock, the X-ray synchrotron cutoff fre-
quency is determined primarily by the shock speed; namely,
hνc≈ 4.1keV(us/3000 km s−1)2. However, under similar con-
ditions for spherical, decelerating shocks, radiative cooling of
the CR electrons within the SNR interior leads to a volume-
integrated electron spectrum steepened above a break energy
that depends on the evolution of us(t) and B(r, t). Then the spa-
tially unresolved, synchrotron radiation spectrum has a break
at hνbr ∼ 0.12keV(t/300yr)−2(B2/100 µG)−3 above which the
photon spectral index, α, increases by 0.5 compared to the
value without radiative cooling (Kang et al. 2012).
The interpretation of the γ-ray spectrum is more compli-
cated, since γ-ray emission can originate from both CR pro-
tons and CR electrons; namely, by way of the decay of neu-
tral pions produced in p − p interactions between CRs and the
background medium, and from inverse Compton (iC) scatter-
ing of the background radiation by CRs electrons plus non-
thermal electronic bremsstrahlung. The relative importance
of the different components is governed by several factors, in-
cluding the magnetic field strength, the background density,
the background radiation field, and the CR electron to pro-
ton ratio, Ke/p. Given these ingredients, it is clearly crucial
to incorporate MFA, Alfvénic drift and particle escape in pre-
dicting nonthermal radiation spectrum of SNRs.
In Kang (2013) (Paper I) phenomenological models for
MFA, Alfvénic drift and particle escape were implemented
in time-dependent nonlinear DSA simulations of CR protons
and electrons at the forward shock of Sedov-Taylor SNRs.
Electronic synchrotron and iC losses were also included in
the evolution of the electron spectra. Paper I demonstrated
the following points for the MFA model employed there: 1) If
scattering centers drift along the shock normal at the Alfvén
speed in highly amplified magnetic fields, the CR energy
spectrum is steepened in evolving strong SNR shocks and the
acceleration efficiency is significantly reduced. 2) Even with
fast Afvénic drift, however, DSA can still be efficient enough
to develop a substantial shock precursor and convert about 20-
30% of the SN explosion energy into CRs. 3) A CR proton
spectrum steeper than E−2 was obtained only when Alfvénic
drift away from the shock was included in both upstream and
downstream regions of the shock. 4) The maximum energy of
CR ions accelerated by SNRs can increase significantly over
values predicted without MFA only when the magnetic fields
are amplified in a volume spanning the full diffusion length of
the highest energy particles. This length scale is larger than
the gyroradius of those particles by a factor of (c/3us) when
Bohm diffusion is applied. 5) Since the high energy end of
the CR proton spectrum is composed of the particles that are
injected in the early stages of shock evolution, the γ-ray emis-
sion spectrum near the high energy cutoff depends on details
of the time-dependent evolution of the CR injection, MFA,
and particle escape as well as the dynamical evolution of the
SNR shock. Steady shock solutions cannot capture these fea-
tures properly. The present paper revisits these issues through
a wider range of MFA models.
Because of such interdependencies between MFA and
DSA, a self-consistent picture of the full problem requires at
the least time dependent MHD simulations combined with a
kinetic treatment of nonlinear DSA. That work remains to be
done. As a step in this direction, we implemented in Paper I
a prescription for MFA and the resulting magnetic field pro-
file based on a simple treatment of Caprioli (2012), of res-
onant amplification of Alfvén waves by streaming CRs (see
Equation (2) below). In the present work we will include
three additional recipes for the magnetic field profile in the
shock precursor, applying models of Zirakashvili & Ptuskin
(2008) and Marcowith & Casse (2010). Moreover, we con-
sider here slightly different model parameters from Paper I.
We also present the nonthermal radiation spectra calculated
using the simulated CR proton and electron spectra along with
the magnetic field strength and the gas density profiles. Our
main aim is to explore how wave-particle interactions affect
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the energy spectra of CR protons and electrons in nonlinear
DSA at SNRs, and their nonthermal radiation spectrum.
In the next section we describe the numerical method for the
simulations we report, phenomenological models for some
key plasma interactions, and model parameters for the Sedov-
Taylor blast wave initial conditions. Our results will be dis-
cussed in Section 3, followed by a brief summary in Section
4.
2. NEW DSA SIMULATIONS
In this section we briefly describe the numerical code and
the phenomenological models for wave-particle interactions
in DSA theory that we applied. Full details of similar DSA
simulations can be found in Paper I.
2.1. CRASH Code for DSA
We consider parallel shocks, in which the magnetic fields
can be roughly decoupled from the dynamical evolution of
the underlying flow. The pitch-angle-averaged phase space
distribution function, f (p), for CR protons and electrons can
be described by the following diffusion-convection equation
(Skilling 1975a):
∂g
∂t
+ (u + uw)∂g
∂r
=
1
3r2
∂
∂r
[
r2(u + uw)
](∂g
∂y
− 4g
)
+
1
r2
∂
∂r
[
r2κ(r,y)∂g
∂r
]
+ p
∂
∂y
(
b
p2
g
)
, (1)
where g = f p4, y = ln(p/mpc) is the logarithmic momentum
variable, and κ(r, p) is the spatial diffusion coefficient3. In
the last term b(p) = −d p/dt is the electronic combined syn-
chrotron and iC cooling rate. For protons b(p) = 0.
The basic gasdynamic conservation laws with additional
terms for the CR pressure, PCR, CR induced non-adiabatic
heating, and an isotropic magnetic pressure, PB, are solved
using the spherical version of CRASH (Cosmic-Ray Amr
SHock) code (Kang & Jones 2006). The CR pressure is calcu-
lated self-consistently from the CR proton distribution func-
tion, gp(p), determined from the finite difference solution to
equation (1). The magnetic pressure is calculated according
to our phenomenological models for MFA (see the following
Section 2.2) rather than from direct solutions of the induction
equation or MHD wave transport equations.
2.2. Magnetic Field Amplification (MFA)
CRs streaming across the gas subshock into the shock
precursor are known to generate resonant and nonresonant
waves via streaming instabilities (e.g., Lucek & Bell 2000;
Bell 2004; Zirakashvili & Ptuskin 2008). In that event MHD
perturbations of short wavelengths (λ≪ rg) being advected
into the shock precursor are amplified by the return charge
current induced by escaping high energy CR particles, jCR ∼
eπus p3max f (pmax) (Bell et al. 2013). The linear nonresonant
instability grows fastest on scales, k−1max ∼ Bc/(2π jCR) at a
rate, Γmax ∼ ( jCR/c)
√
π/ρ. So, the amplification of MHD
turbulence via nonresonant interactions depends on the flux
of escaping particles, which, in turn, is governed by the effi-
ciency of the CR acceleration and the shape of the CR spec-
trum at large momenta. As the instability enters the nonlinear
3 For later discussion it is useful to note in the relativistic regime that the
momentum and energy distributions are simply related as n(E) = 4πp2 f (p)
with E = pc.
regime (δB∼ B0) during passage through the precursor, satu-
ration processes start to limit the growth, and previously sub-
dominant resonant interactions become dominant. This leads
to a linear growth of magnetic fluctuations and extension to
larger scales (Pelletier et al. 2006). As noted in the introduc-
tion, there may also exist other types of instabilities and dy-
namo mechanisms leading to the growth of MHD turbulence
on scales larger than rg (e.g., Schure et al. 2012). A full under-
standing of complex interplay between MFA and DSA would
require MHD simulations combined with nonlinear DSA in
which the return current is calculated self-consistently from
the accelerated CR spectrum (see Marcowith & Casse 2010,
for a test-particle treatment). Our more limited objective in
the present study is to explore broadly the impact of the result-
ing MFA profile. Consequently, we implement four heuristic
models for MFA in the precursor designated M1 - M4, each
established by simple applications of MFA and compare their
consequences in DSA within model SNR shocks.
MFA model M1: Caprioli (2012) has shown for strong
shocks with Ms ≫ 1 and MA ≫ 1, that the strength of the
turbulent magnetic field amplified via resonant Alfvén waves
excited by CR streaming instabilities can be approximated in
terms of the flow speed (compression) within the shock pre-
cursor, as
B(r)2
B20
= 1 + (1 −ωH) · 425M
2
A,0
(1 −U(r)5/4)2
U(r)3/2 , (2)
where U(r) = [us − |u(r)|]/us = ρ0/ρ(r) is the normalized
flow speed with respect to the shock, and MA,0 = us(t)/vA,0
is the Alfvénic Mach number for the instantaneous shock
speed with respect to the far upstream Alfven speed, vA,0 =
B0/
√
4πρ0. We hereafter designate this magnetic field pro-
file as model M1 and use the subscripts ‘0’, ‘1’, and ‘2’ to
denote conditions far upstream of the shock, immediately up-
stream and downstream of the subshock, respectively. The
factor (1 −ωH) accounts for local wave dissipation and the en-
suing reduction of MFA; i.e., a fraction, ωH, of the energy
transferred from CR streaming to MHD waves is dissipated
as heat in the plasma by way of nonlinear damping processes.
Some damping is likely; we arbitrarily set ωH = 0.5 as a rea-
sonable estimate. In Paper I, this M1 recipe was adopted to
represent qualitatively the MFA process in the shock precur-
sor.
As we will show below, Alfvénic drift of scattering centers
upstream at the local Alfvén speed, vA = B(r)/
√
4πρ(r), along
the shock normal can steepen the CR spectrum significantly
in the presence of MFA. On the other hand, the magnetic
field in the M1 MFA model (Equation (2)) increases gradu-
ally through the shock precursor from B0 at the FEB to B1 at
the subshock (see also Figure 1, below). Consequently, the
drift speed increases slowly through the precursor, so that the
highest energy CRs, which diffuse on scales κ(pmax)/us ∼ L,
are scattered mostly by waves with the relatively slow drift
speed, vA,0. (The length L, defined below, measures the full
width of the precursor.) That makes Alfvénic drift and associ-
ated CR spectral steepening ineffective at the high energy end
of the CR spectrum.
MFA model M2: On the other hand, Caprioli (2012)
pointed out that Equation (2) does not account for several im-
portant effects, such as excitation of the nonresonant stream-
ing instability that can rapidly amplify the field at the leading
edge of the precursor. To allow for such influences, he pro-
posed an alternative simple MFA profile in which the entire
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upstream, precursor region, 0 < (r − rs) < L, has the saturated
magnetic field, B1; i.e.,
B(r) = B1, (3)
where B1 is calculated according to Equation (2). We here-
after designate that MFA profile as model M2. With the help
of this saturated, uniform precursor magnetic field profile,
Caprioli (2012) obtained a CR energy spectrum steeper than
E−2 from nonlinear DSA calculations of SNRs.
MFA model M3: Zirakashvili & Ptuskin (2008) carried out
MHD simulations following the evolution of the nonresonant
current instability through shock precursors. Their MFA pro-
file was approximately exponential (see their Figure 3). We
adapt this behavior into the simple form (designated, here-
after, model M3) for 0≤ (r − rs)≤ L,
B(r) = B0 + B1 · ( B1
δB0
)−(r−rs)/L, (4)
where δB0 = 0.01 is an assumed, arbitrary strength of the ini-
tial background magnetic field perturbations and L is the dis-
tance from the shock to the upstream boundary (see Section
2.4). Again, for the maximum magnetic field strength im-
mediately upstream of the shock, we adopted B1 calculated
according to Equation (2).
MFA model M4: As a fourth model for MFA in the pre-
cursor, we adopt a linear magnetic strength profile as in
Marcowith & Casse (2010) (see their Figure 2): so for 0 ≤
(r − rs)≤ L∗,
B(r) = B1 − (B1 − B0) · r − rsL∗ (5)
where L∗ = 0.9L is used somewhat arbitrarily. For (r − rs) >
L∗, B(r) = B0. This model represents an exponential growth
to δB ∼ B0 on a short time scale at r ∼ L∗ by nonresonant
modes followed by a linear growth to B1 through combined
nonresonant and resonant mode amplification. The profiles
M1 through M4 can be compared in Figure 1.
In the case of “strongly modified” shocks (e.g., U(rs)≪ 1),
magnetic field energy density may increase to a significant
fraction of the upstream kinetic energy density, (1/2)ρ0u2s ,
which is not compatible with observations. Völk et al. (2005)
have found postshock magnetic pressures, B22/(8π), in several
young, shell-type SNRs that are all several % of the upstream
ram pressures, ρ0u2s . Using this for guidance in the simula-
tions we restricted the amplification factor within the precur-
sor by the condition that
(B21/8π) . (B2sat/8π)≡ 0.005ρ0u2s . (6)
For typical Type Ia SNRs in the warm ISM with nH = 0.3cm−3
(see the section 2.5 and Table 1), the unmodified Sedov-
Taylor solution is UST = 5.65× 103 km s−1(t/to)−3/5, so Bsat =
168 µG(t/to)−3/5. In the case of a moderate precursor with
U1 ≈ 0.8 or ρ1/ρ0 ≈ 1.25, for ωH = 0.5 and B0 = 5 µG Equa-
tion (2) gives B1 ≈ 0.081MA,0B0 ≈ 136 µG(t/to)−3/5. So un-
less the shock is modified quite strongly, that is, U1 < 0.8,
B1 should not exceed the saturation limit Bsat for the warm
ISM models considered here. We note that the relation (6)
was found observationally for young SNRs, so its validity for
much slower shocks at late Sedov stage has not been estab-
lished.
Note that Equation (6) is equivalent to
MA,1 = u1/vA,1 &
10√
σ1
, (7)
where σ1 = u0/u1 measures compression through the precur-
sor. This is useful in evaluating the influence of Alfvénic drift
within the precursor (see Equations 8)-(11)).
We assume that the turbulent magnetic field is isotropic as
it comes into the subshock and that the two transverse com-
ponents are simply compressed across the subshock. The
immediate postshock field strength is estimated by B2/B1 =√
1/3 + 2/3(ρ2/ρ1)2. If subshock compression is large,
B2/B1≈ 0.8(ρ2/ρ1). From Equation (6) this leads, as a rule of
thumb, roughly to B22/(8π)/(ρ0u2s ) . 3% (see Figure 6). It is
not well understood how the magnetic fields diminish down-
stream in the flow behind the forward shock (e.g. Pohl et al.
2005). We assume for simplicity that the postshock field
strength behaves as B(r) = B2 ·
[
ρ(r)/ρ2
]
for r < rs.
2.3. Alfvénic Drift
As noted earlier, the Alfv´en waves generated by the stream-
ing instability drift along the local mean magnetic field with
respect to the background plasma flow in the direction oppo-
site to the CR gradient. Ahead of the shock these waves would
propagate into the background medium; behind a spherical
shock those waves would propagate towards the SNR interior.
Since scattering isotropizes the CRs with respect to the scat-
tering centers, the effective velocity difference that the par-
ticles experience across the shock is reduced, if those waves
dominate CR scattering. The reduced velocity jump softens
(steepens) the CR momentum spectrum compared to the test-
particle result for a shock without a precursor or Alfvénic
drift, q0 = 3u0/(u0 − u2), where q = −∂ ln f/∂ ln p.
In a CR modified shock with a precursor and Alfvénic drift
the slope of the momentum distribution function is momen-
tum dependent, reflecting the variation with momentum of
the particle diffusion length and the different flow conditions
sampled by the particles as a result. Near the momentum ex-
tremes the slopes can be estimated for steady, plane shocks
as:
qs ≈ 3(u1 + uw,1)(u1 + uw,1) − (u2 + uw,2) , (8)
for the low energy particles just above the injection momen-
tum (p∼ pinj), and
qt ≈ 3(u0 + uw,0)(u0 + uw,0) − (u2 + uw,2) , (9)
for the highest energy particles just below the cutoff; i.e., p .
pmax. Here u0 = −us, u1 = −us/σ1, u2 = −us/σ2. To make the
point of the impact of Alfvénic drift with minimal complica-
tion, we assume for drift velocities simply uw,0 = +vA,0, uw,1 =
+vA,1, and uw,2 = −vA,2, with σ1 = ρ1/ρ0, σ2 = ρ2/ρ0. The lo-
cal Aflvén speed is defined as vA,∗ = B∗/
√
4πρ∗ (where ∗ = 0,
1, 2). The steepening of CR spectrum due to Alfvénic drift
can obviously be ignored for high Alfvénic Mach numbers,
MA,∗ = us/vA,∗≫ 1. As noted earlier, postshock Alfvénic drift
is frequently assumed to vanish; i.e., uw,2 = 0, based on the
argument that postshock turbulence is likely to be balanced
(e.g., Jones 1993). Here we want to emphasize, on the other
hand that the shocks in this discussion are not really steady,
plane shocks, but evolving, spherical shocks. There should
generally be a strong CR gradient behind a spherical shock
to drive a streaming instability, so that one could reasonably
expect uw,2 < 0 (e.g., Zirakashvili & Ptuskin 2012). If this
happens, it could significantly influence the CR spectrum.
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To see the dependencies on shock modification and
Alfvénic drift more clearly, suppose |uw,∗/u∗| ≪ 1 (where
∗ = 0,1,2) and (σ1 − 1)/(σ2 − 1) ≪ 1, so that we can expand
the corrections of qs and qt compared to the fiducial slope,
q0 = 3σ2/(σ2 −1). Then keeping only lowest order corrections
to q0 we can write,
qs ≈ q0
[
1 + σ1 − 1
σ2 − 1
+
σ1
σ2 − 1
(
uw,2
u2
−
uw,1
u1
)]
, (10)
and
qt ≈ q0
[
1 + 1
σ2 − 1
(
uw,2
u2
−
uw,0
u0
)]
. (11)
Compression through the precursor steepens qs compared to
qt, illustrating the concavity of CR spectra usually predicted
by nonlinear DSA. The slope, q0, set by the full compres-
sion, σ2, is, of course, flatter than the slope in an unmod-
ified shock of similar sonic Mach number. One can also
see that the slopes, qs and qt, are increased compared to the
case with no Alfvénic drift, if scattering centers drift upwind
ahead of the shock and downwind behind the shock. Sup-
pose for the moment that the wave drift speed scales sim-
ply with the local Alfvén speed, that B1 ≫ B0 (see Equa-
tion (2) and Figure 6) and for simplicity that B2/B1 ∼
ρ2/ρ1. Then the influence of drift just upstream of the sub-
shock is large compared to that just inside the FEB, since
|(uw,1/u1)/(uw,0/u0)| ∼ (B1/B0)σ1/21 ≫ 1. One can also see
that the downstream drift has greatest influence on both qs
and qt, because (uw,2/u2)/|(uw,1/u1|) ∼ (σ2/σ1)3/2 ≫ 1 and
(σ1 − 1)/(σ2 − 1)≪ 1 in the simulations we present here. We
note for clarity that the MFA constraint given in Equation (7)
limits the preshock Alfvénic drift correction term, |(uw,1/u1)|,
in these simulations to |(uw,1/u1)|. 0.1√σ1.
From this discussion it should be obvious that the presence
and nature of downstream Alfvénic drift has a very important
effect on the DSA outcomes. It is also clear under these cir-
cumstances that these expressions always satisfy qs ≥ qt; i.e.,
measured at the extremes the nonlinear spectra will remain
concave, at least in a steady, plane shock, even when Alfvénic
drift is included on both sides of the shock. On the other
hand, spherical shocks are not steady, and relative postshock
flow speeds increase with distance downstream, opening up a
wider range of possible outcomes. We shall see, in fact, that
in our SNR simulations the CR spectra near the maximum,
cutoff momentum can be significantly flatter than one would
predict from the above relations. That feature does result from
strong evolution of the shock properties at early times that in-
fluences subsequent evolution. Shock and CR properties in
spherical blast waves are not a simple superposition of inter-
mediate properties at the final time.
When Alfvénic drift has been included in DSA models, it
has been customary to assumed the drift speed is the local
Alfvén speed along the shock normal, vA = B/
√
4πρ, based
on the total magnetic field strength. However, when the fields
become strongly amplified by streaming instabilities the mean
field direction is less clear, even when the upstream field is
along the shock normal (e.g., Reville & Bell 2013). Then the
drift speed should be reduced compared to the Alfvén speed
expressed in terms of the total field strength. In order to al-
low for this we model the local effective Alfvénic drift speed
simply as
vA(r) = B0 + fA[B(r) − B0]√4πρ(r) , (12)
where the parameter fA ≤ 1 is a free parameter (Ptuskin et al.
2010; Lee et al. 2012). For the simulations presented here
fA = 0.5 whereever Alfvénic drift is active. The default in
our models turns off Alfvénic drift in the post shock flow; i.e.,
we set uw,2 = 0. On the other hand, to allow for possible in-
fluences of postshock streaming in these spherical shocks we
also consider the case of uw,2(r) = −vA(r). Those models are
identified with the subscript tag, ’ad’ (see Table 1). All the
simulations presented here apply Alfvénic drift upstream of
the shock, with uw,1(r) = +vA(r).
2.4. Recipes for Particle Injection, Diffusion, and Escape
We apply a thermal leakage model for CR injection in
which only suprathermal particles in the tail of the thermal,
Maxwellian distribution above a critical rigidity are allowed
to cross the shock from downstream to upstream. CR pro-
tons are effectively injected above a prescribed injection mo-
mentum, pinj ≈ 1.17mp(us/σ2)(1 + 1.07ǫ−1B ), where ǫB is an
injection parameter defined in Kang et al. (2002). We adopt
ǫB = 0.2 − 0.215 here, which leads to the injected proton frac-
tion, ξ = ncr,2/n2 . 10−4. In Paper 1, ǫB = 0.23 was adopted,
which led a higher injection fraction than we allow here and
higher CR acceleration efficiencies, as well, that were nearly
in the saturation regime. Electrons are expected to be in-
jected with a much smaller injection rate than protons, since
suprathermal electrons have much smaller rigidities at a given
energy. Some preacceleration process is likely to control this
(Reynolds 2008). Since this physics is still poorly understood,
we follow the common practice of fixing the injected CR
electron-to-proton ratio to a small number, Ke/p ∼ 10−4 − 10−2
(e.g., Morlino & Caprioli 2012). Because of the small num-
ber of particles, the electronic CR component is dynamically
unimportant; we neglect its feedback in these simulations.
In these simulations injected proton and electron CRs are
accelerated in the same manner at the same rigidity, R =
pc/Ze. For the spatial diffusion coefficient, we adopt a Bohm-
like momentum dependence (κB ∼ (1/3)rgv) with flattened
non-relativistic dependence to reduce computational costs
(Kang & Jones 2006). Since acceleration to relativistic en-
ergies is generally very quick, this low energy form has little
impact our results. In particular we set
κ(r, p) = κn( B0B‖(r)
) · ( p
mpc
) ·K(r), (13)
where κn = mpc3/(3eB0) = (3.13× 1022cm2s−1)B−10 (B0 is ex-
pressed in units of microgauss) and the parallel component
of the local magnetic field, B‖(r), is prescribed by our MFA
models discussed above. The function K(r)≥ 1 is intended to
represent a gradual decrease in scattering efficiency relative
to Bohm diffusion (so, λs > rg) upstream of the subshock due
to such influences as predominantly sub-gyro-scale turbulent
fluctuations. All the simulations set K(r) = 1 for r < rs (post-
shock region). But, except for one model (WM1Bohm), where
K(r) = 1, we use for r ≥ rs,
K(r) = exp[ck · (r − rs)
rs
]. (14)
The numerical factor, ck = 20, is chosen somewhat arbitrarily.
It can be adjusted to accommodate a wide range of effects
(Zirakashvili & Ptuskin 2012).
In these simulations we explicitly provide for particle es-
cape from the system by implementing a so-called “Free Es-
cape Boundary” or “FEB” a distance, L, upstream of the
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shock. That is, we set f (rFEB, p) = 0 at rFEB(t) = rs + L =
(1 + ζ)rs(t), where ζ = 0.1 − 0.5. Once CRs are acceler-
ated to high enough momenta, pmax, that the diffusion length
lmax = κ(pmax)/us ∼ L(t), the length L becomes the effective
width of the shock precursor. For ζ = 0.1 and the shock radius,
rs = 3 pc, the distance of the FEB from the shock is L = 0.3 pc,
which is comparable to the diffusion length of PeV protons if
B ∼ 50 µG and us ∼ 6700 km s−1. Note that, for ck = 20 and
ζ = 0.1 (0.25), the value of K(r) increases from unity at the
shock to e2 = 7.4 (e5 = 150) at the FEB.
The time-integrated spectrum of particles escaped from the
shock from the start of the simulation, ti to time t is given by
Φesc(p) =
∫ t
ti
4πrFEB(t)2[κ · |∂ f
∂r
|]rFEB dt. (15)
Finally, we note that the rate of non-adiabatic gas heat-
ing due to wave dissipation in the precursor is prescribed
as W (r, t) = −ωH · vA(r)∂PCR/∂r, where a fiducial value of
ωH = 0.5 was assumed in these simulations.
2.5. Sedov-Taylor Blast Waves
For a specific shock context we consider a Type Ia super-
nova explosion with the ejecta mass, Mej = 1.4M⊙, expand-
ing into a uniform ISM. All models have the explosion en-
ergy, Eo = 1051 ergs. Previous studies have shown that the
shock Mach number is one of the key parameter determin-
ing the evolution and the DSA efficiency (e.g., Kang 2010),
so two phases of the ISM are considered: the warm phase
with nH = 0.3cm−3 and T0 = 3× 104K (‘W’ models), and the
hot phase with nH = 0.01 cm−3 and T0 = 106K (‘H’ models).
The background gas is assumed to be completely ionized with
the mean molecular weight, µ = 0.61. The background mag-
netic field strength is set to be B0 = 5 µG. For the warm
ISM (’W’) models the upstream Alfvén speed is then vA,0 =
16.8 km s−1. The associated shock Alfvén Mach number is
then MA,0 ≈ 180(us/3000 km s−1). For the hot ISM (’H’)
models, vA,0 = 183 km s−1, and MA,0 ≈ 16.4(us/3000 km s−1).
The model parameters for the DSA simulations are summa-
rized in Table 1. The second and third characters of the model
name in column one indicate the MFA model profiles; namely,
’M1’ for the velocity-dependent profile given by Equation (2),
’M2’ for the uniform, saturated profile given by Equation (3),
’M3’ for the exponential profile given by Equation (4), and
’M4’ for the linear profile given by Equation (5). The down-
stream default in all models sets uw,2 = 0; i.e., downstream
Alfvénic drift is turned off. Where downstream Alfvénic drift
is operating; i.e., where uw,2 = −vA,2, the model labels include
the subscript ’ad’. In two models, WM1li and HM1li models,
the injection rate is lowered by reducing slightly the injection
parameter from ǫB = 0.215 to ǫB = 0.2. The WM1Bohm model is
the same as the WM1 model except that the function K(r) = 1
for r > rs, instead of the defaut form given in Equation (13).
Models WM1feb2 and WM1feb3 are included to study the ef-
fects of different FEB locations; namely, L = rFEB − rs = 0.25rs
and L = 0.5rs, respectively. For all models, fA = 0.5 is adopted
for the Alfvén drift parameter and ωH = 0.5 for the wave dis-
sipation parameter.
The physical quantities are normalized, both in the nu-
merical code and in the plots below, by the following con-
stants: ro =
(
3Mej/4πρo
)1/3
, to =
(
ρor
5
o/Eo
)1/2
, uo = ro/to,
ρo = (2.34× 10−24gcm−3)nH, and Po = ρou2o. For r = ro the
mass swept up by the forward shock equals the ejected mass,
Mej. For the warm ISM models, ro = 3.18pc and to = 255 years,
while for the hot ISM models, ro = 9.89pc and to = 792 years.
The true Sedov-Taylor (ST hereafter) dynamical phase of
SNR evolution is established only after the reverse shock is re-
flected at the explosion center. So, the dynamical evolution of
young SNRs is much more complex than that of the ST simi-
larity solution that we adopt for a simple initial condition at ti.
In particular we start each simulation from the ST similarity
solution, rST/ro = 1.15(t/to)2/5, without the contact disconti-
nuity and the reverse shock. Although the early dynamical
evolution of the model SNRs is not accurate in these simula-
tions, the evolution of the forward shock is still qualitatively
representative (e.g., Dohm-Palmer & Jones 1996). Our main
goal is to explore how time dependent evolution of MFA,
Afvénic drift and FEB affect the high energy end of the CR
spectra rather than to match the properties of a specific SNR.
On the other hand, since the highest energy CRs generally
correspond to those injected into the DSA process at very
early times, before the ST stage, we begin the calculations at
ti/to = 0.2. We then follow the evolution of the forward shock
to t/to = 10, which corresponds roughly to the beginning of
the true ST evolutionary phase.
The spherical grid used in the simulations expands in a co-
moving way with the forward shock (Kang & Jones 2006).
Continuation conditions are enforced at the inner boundary,
which is located at r/rs = 0.1 at the start of each simula-
tion and moves outward along with the forward shock. At
the outer boundary the gasdynamic variables are continuous,
while the CR distribution function is set by the FEB condition.
2.6. Emissions
The nonthermal radio to γ-ray emissions expected in these
simulations from CR electrons and from CR proton secondary
products, along with thermal Bremsstrahlung were computed
using an updated version of the COSMICP (renamed AURA)
code described in Edmon et al. (2011). We include only in-
formation essential for clarity here. Specifically we include
for CR electrons synchrotron, iC and Bremsstrahlung. The iC
emissions properly account for electron recoil in the Klein-
Nishina limit. Hadronic interactions include inelastic proton-
proton and photon-proton collisions. The low energy proton-
proton cross-section was updated using Kamae et al. (2006).
Helium and heavy ion contributions are ignored. The photo-
pion production rates and iC rates are based on a background
radiation field with a total energy density 1.04 eV cm−3 in-
cluding the cosmic microwave background, plus contributions
from cold dust, old yellow and young blue stars, as described
in Edmon et al. (2011).
3. DSA SIMULATION RESULTS
3.1. CR Properties
Figure 1 shows at times t/t0 = 0.5,1,2,5 the amplified mag-
netic field in the radial coordinate normalized by the shock
radius, r/rs(t), and the distribution function of CR protons
at the subshock, gp(xs), for warm ISM simulations with the
four different MFA models: WM1, WM2, WM3, and WM4.
In the figures below the momentum is expressed in units of
mpc and the particle distribution function is defined in such a
way that
∫∞
0 4πp
2 f0(p)d p = nH far upstream. So both f (p)
and g(p) = f (p)p4 are given in units of nH , while the volume-
integrated distribution functions F(p) = 4π∫ f (r, p)r2dr and
G(p) = p4F(p) are given in units of nHr3o.
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During the early stage (t/to < 1) the precursor grows to a
time-asymptotic structure and the magnetic fields are ampli-
fied rapidly to saturation. Afterwards, the value for B1 de-
clines as B1 ∝MA,0 ∝ (t/to)−3/5, as the shock slows down in
time. The time evolution of MFA along with other measures,
including the precursor modification and the postshock CR
pressure, will be discussed below in Figure 6. The distance
from the subshock to the FEB location is the same, L = 0.1rs,
in these models, but the magnetic field profiles differ in shape.
The “effective width” of the magnetic field precursor (mea-
sured, say, by the half-power width) would increase through
the sequence M1, M3, M4, M2. One can see that the DSA
efficiency increases among the WM1-4 models in the same
order at early times (t/t0 . 1). This efficiency influence is
reflected in Figure 1 most clearly in the variation in pp,max.
This demonstrates that pp,max is determined not only by the
strength of B1 but also by the width of the magnetic field pre-
cursor.
As the acceleration proceeds from ti/to = 0.2, the maximum
momentum increases and reaches its highest value at t/to ∼
0.5, depending in detail on the profile of B(r, t). Afterwards,
pp,max decreases in time as the shock slows down and MFA
becomes weaker (as shown in the figure). For the M2, M3 and
M4 models, the highest proton energy reaches Ep,max ∼ 1 PeV
at t/to ∼ 0.5. For the M1 model, the magnetic field precursor
is too narrow to provide a significant enhancement of DSA
over that from the upstream field, B0, so the proton energy
increases only to Ep,max ∼ 0.05 PeV.
Intuitively, the high momentum end of gp(rs) is obviously
populated by particles injected during the earliest period of
very efficient DSA, when the shock was especially strong.
At the beginning of the simulations (ti/to = 0.2), the shock
is fast and strong with us ≈ 1.5×104 km s−1, Ms,0 ≈ 580, and
MA,0 ≈ 890, so the initial slope of fp(rs) starts with q = 4.
As the precursor develops, the CR spectrum becomes con-
cave (dq/d ln p < 0). Although Alfvénic drift increases both
qs and qt as MFA proceeds in the precursor, these effects are
small initially because of large values of MA,1. In the WM2
model, with a uniform precursor magnetic field, for example,
MA,1 ≈MA,0 ≈ 20 for B1 = 200 µG and us ≈ 1.5×104 km s−1,
resulting in only small corrections to qs and qt (see Equations
(10)-(11)). Even in the later stage (ti/to & 1), MA,1 > 10 ac-
cording to Equation (7), so steepening of CR spectra due to
Alfvénic drift remains moderate. As can be seen in Figure 1,
the concavity of gp is gradually reduced in time, but does not
disappear entirely in these models. Although the early evo-
lution of SNRs may not be realistic in our simulations, this
exercise demonstrates that it is important to follow the initial
evolution of SNRs, including us(t) and B(r, t), in order to es-
tablish the CR spectrum around Ep,max.
Figure 2 shows the spatial profile of the CR pressure, the
volume-integrated distribution functions and Gp,e(p) for pro-
tons and electrons at t/to = 1, and the time-integrated spec-
trum of escaped protons, Φesc(p), at t/to = 10 for the same
models shown in Figure 1. Once again, the proton spectrum,
Gp, clearly depends sensitively on the magnetic field profile in
the precursor, as well as its evolution. The slope of Gp(p) near
pp,max approaches q∼ 3.8 for the WM1 model and q∼ 3 in the
WM2 - WM4 models (see also Figure 5), which results from
the early nonlinear evolution of DSA. Hence the π0 decay
emission in these models could not explain observed γ-ray
spectra of some young SNRs, which indicate proton spectra
steeper than Fp(p)∝ p−4.
In the lower left panel of Figure 2, the sum of Gp(p, t) +
Φesc(p, t) is shown in thick lines, while Φesc(p, t) itself is
shown in thin lines. Assuming that the CRs included in Gp
will be injected eventually into the ISM when the SNR weak-
ens and merges to the ambient medium, this sum at large
t would represent the total, time-integrated proton spectrum
that the model SNR injects into the ISM. The shape of this
integrated spectrum in the four models would be mostly in-
consistent with the Galactic CR proton spectrum around the
first knee, because the spectrum is too flat just below the cut-
off.
As demonstrated in the lower right panel of Figure 2, the
volume integrated electron spectrum, Ge(p), steepens approx-
imately by one power of the momentum compared to the pro-
ton spectrum due to radiative cooling above a break momen-
tum, pe,br(t)∝ (B22 t)−1. In the WM1 model (solid line), there
is an additional peak of Ge(p) at a higher energy, which is
close to the maximum momentum at the subshock, pe,max.
This component comes from the electron population in the
upstream region, which cools much less efficiently due to
weaker magnetic field there (Edmon et al. 2011). In the other
models, magnetic fields are stronger in the precursor, so up-
stream electrons have cooled as well. One can see that in
these warm-ISM models the X-ray synchrotron emitting elec-
trons would cut off at the break energy, Ee,br ∼ 0.5 − 1 TeV at
t/to = 1, depending mainly on the strength of B2.
Figure 3 shows for comparison the results of the warm
ISM models with downstream Alfvénic drift; i.e., models
’WM*ad’. Compared to the WM* models shown in Figure
2, due to the inclusion of downstream Alfvénic drift, the CR
acceleration is less efficient, the precursor is weaker, and the
shock decelerates less. As a result, the shock radius is slightly
larger in these models, compared to the WM* models. A
weaker precursor also leads to weaker MFA, with reduced
B1 . 100 µG and B2 ≈ 300 µG at t/to = 1 (see Figure 6). In
the WM2ad, WM3ad, and WM4ad models, the high energy end
of Fp is still much flatter than p−4, while it is close to p−4 in
WM1ad model. Below p < 104mpc, the CR proton spectra in
the WM2ad, WM3ad and WM4ad models become as steep as
p−4.2. Since in those models the proton spectral slopes become
as flat as p−3 just below their cutoffs, the concave curvatures
in the spectra become more severe than in the models with-
out downstream Alfvénic drift, WM*. These models, because
of their broader magnetic field precursors, experience more
rapid acceleration early on. Later, as the shocks slow down,
and Alfvénic drift becomes more significant, and acceleration
of CRs injected at later times is less efficient. This effectively
leaves an “island” of CRs at the top of the momentum distri-
bution. Once again, this serves as a reminder that the details
of early DSA strongly influence the form of the particle distri-
bution for a long time. In these WM*ad models, the electron
break energy, Ee,br ∼ 1−3 TeV at t/to = 1. It is slightly higher
than that of the analogous WM* models, because of weaker
magnetic fields that result in reduced cooling.
We ran two WM1 simulations with increased precur-
sor width due to FEB placement, L = ζrs (WM1feb2,3, ζ =
0.25,0.5), and one with slow (Bohm) diffusion throughout
the precursor (WM1Bohm, K(r) = 1 for r > rs). Figure 4 com-
pares the WM1 model (ζ = 0.1), the WM1feb3 model and the
WM1Bohm model. We note the results of WM1feb2 are essen-
tially the same as those of WM1feb3 model, and so not shown
here. The diffusion length of protons with pp,max/mpc = 105
is lmax ≈ 0.41pc for B0 = 5 µG and us = 5000 km s−1. Since
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lmax is greater than the FEB distance, L = 0.32pc at t/to = 1
in the WM1 model, the high energy end of the CR spec-
trum is strongly affected by particle escape through the FEB.
In the WM1feb2 and WM1feb3 models, on the other hand,
lmax < L = 0.8 − 1.6pc. So, escape of the highest particles is
not significant, and both WM1feb2,3 models have similar CR
spectra extending to pp,max slightly higher than that in WM1
model. One can see that the overall distribution of PCR is
about the same in these models, except far upstream, near
rFEB, where PCR is dominated by the highest energy parti-
cles that can diffuse to the FEB location. Referring now to
the comparison between the WM1 and WM1Bohm models, we
can see that Gp in the WM1Bohm model (dot-dashed line) ex-
tends to higher pp,max by a factor of three or so. In addition,
the spatial profile of PCR is slightly broader, compared to the
WM1 model. These differences have similar causes; namely,
reduced CR escape at high energies, reflecting stronger scat-
tering upstream of the subshock in the WM1Bohm model. Note
that the introduction of a FEB upstream of the shock or a dif-
fusion scale parameter, K(r), in the precursor does not in fact
soften the CR spectrum near pp,max. Instead, it simply affects
where an exponential cutoff sets in, without altering the CR
spectrum just below pp,max.
Figure 5 compares the volume integrated proton spectrum,
Gp and its slope for different models (at t/to = 1 for the warm-
ISM models and at t/to = 0.5 for the hot-ISM models). Most
of these behaviors have already been addressed for the warm-
ISM simulations, but this representation provides a good gen-
eral summary and a simple illustration of the comparative
properties of the hot-ISM models. In the first and second rows
from the top, we show WM* models with uw,2 = 0 and WM*ad
models with uw,2 = −vA,2, respectively. In the third row from
the top, the models with the different FEB position are com-
pared: ζ = 0.1 (WM1), 0.25 (WM1feb2), and 0.5 (WMfeb3). As
mentioned previously, we can see here that the WM1feb2 (red
dotted lines) and WM1feb3 (blue dashed) models are almost
identical, while pp,max of the integrated spectrum is slightly
lower in WM1 model (black solid). For the WM1Bohm model
with the Bohm-like diffusion coefficient, pp,max is higher than
other models because of smaller κ.
In the bottom row of Figure 5, the three hot-ISM models,
HM1, HM1ad, and HM1li, are illustrated. In these models
DSA is less efficient compared to the warm-ISM models, be-
cause of smaller sonic Mach number, Ms, and because MFA
is less efficient in response to smaller Alfvénic Mach num-
ber, MA,0. As a result, the CR spectra deviate only slightly
from the test-particle power-law and the downstream mag-
netic fields are weaker. We also show in the bottom row of
Figure 5 results from the one case we computed with a re-
duced CR injection rate; model HM1li. As expected, because
PCR is reduced, the precursor flow is less modified and the CR
acceleration is almost in the test-particle regime.
From the results illustrated in Figure 5 it seems difficult for
the typical SNR parameters considered here to obtain a proton
momentum spectrum steeper than p−4 near pp,max even when
the nominally rather strong influences of postshock Alfvénic
drift are included. The comparison of different models in Fig-
ure 5 further illustrates how the spectrum of accelerated CRs
depends on the nonlinear interplay among MFA, Alfvénic
drift and particle escape.
Turning briefly to the simulated CR electron properties,
since they are responsible for the radio through X-ray nonther-
mal emissions in SNRs, we note for p < pe,br that the slopes
of Ge and Gp should be similar, because the electron spec-
trum is not affected by radiative cooling at those momenta.
According to Figure 5, the slope of Ge(p) near p/mpc ∼ 1
(γe ∼ 2000) would be about 4.2, virtually independent of the
model parameters. So the radio spectral index is expected to
be similar in these models.
Figure 6 shows the time evolution of the various dynamical
shock properties for different models, including the density
compression factors, amplified magnetic field strengths, the
postshock CR pressure, CR injection fraction and the frac-
tion of the explosion energy transferred to CRs for the mod-
els without (left column) or with (right column) postshock
Alfvénic drift. The left column also includes for compar-
ison the WM1li model with a lower injection. Several of
these comparisons have already been addressed. According to
Equation (2), the MFA factor, B1/B0, depends on the precur-
sor strength (i.e., U1) and the Alfvénic Mach number, MA,0.
So the preshock magnetic field, B1, increases rapidly in the
early stage during which the precursor develops, but later it
decreases in time with diminishing MA,0. In the descending
order of the effective width of the magnetic field precursor,
M2, M4, M3, M1, the precursor grows and the value of B1(t)
peaks at progressively earlier times. After reaching its peak
value, the B1 values decline as B1 ≈ 136 µG(t/to)−3/5 and
become similar in all four models. Here the straight dotted
lines show the limiting magnetic field, Bsat = 168 µG(t/to)−3/5,
given in Equation (6). One can see that B1 stays below Bsat for
the models considered here.
From the third row of Figure 6 we can see that the MFA
model profile strongly influences the early evolution of the
postshock CR pressure, PCR,2. But once the precursor growth
and MFA saturate, the postshock CR pressure is similar for a
given model class (postshock Alfvénic drift on or off). Be-
cause of the steepening of the CR spectrum (see Figure 5),
PCR,2 is smaller in WM*ad models, compared to WM* mod-
els. But the difference is less than a factor of two. The bottom
panels of Figure 6 show that by the end of the simulations
about 30% of the SN explosion energy is transferred to CRs
in WM* models, while WM*ad models are somewhat less ef-
ficient, as expected. As can be seen in Figures 2 and 3, PCR,2
is smaller but the shock radius rs is larger in WM*ad models,
resulting in a rather small difference in the volume integrated
energy, ECR, between the two model classes. A reduced CR
injection rate also reduces this energy transfer in the WM1li
model. Thus, in our models the amount of the CR energy pro-
duced in the SNRs is smaller than what had been reported in
some previous DSA simulations in which the Alfvénic drift
was not included or Alfvén speed in the background field,
B0, was adopted (e.g. Berezhko & Völk 1997; Berezhko et al.
2009; Kang & Jones 2006). Even though the CR acceleration
efficiency is reduced in these simulations, the estimated val-
ues are still sufficient to replenish CR energy escape from the
Galaxy.
3.2. Emissions
It is useful to know how the differences in CR particle spec-
tra are translated into differences in nonthermal emissions
spectra (e.g., Edmon et al. 2011). For a power-law electron
distribution, fe(p) ∝ p−qe , the radiation spectra due to syn-
chrotron and iC processes will have a power-law form, Fν ∝
ν−α with a slope αsyn = αiC = (qe − 3)/2. For the test-particle
slope, qe = 4, αsyn = αiC = 0.5, so νLν ∝ ν+0.5, where Lν is the
luminosity spectrum in units of erg s−1eV−1. The same power-
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law momentum distribution for protons, fp(p) ∝ p−qp with
a cutoff at Ep,max, π0 decay emission spectrum has roughly
a power-law form with αpi0 = qp − 3, for the photon energy
80MeV . Eγ . 0.1Ep,max (Kang et al. 2012). So for π0 de-
cay emissions with qp = 4, νLν has a flat shape (αpi0 + 1 = 0)
typically for the 100 MeV - 10 TeV band (note: ν = 1024 Hz
corresponds to Eγ = 4 GeV).
In Figure 7 the volume integrated radiation spectra, νLν ,
are shown for different models, where Ke/p = 10−4 is adopted
for convenience. In the upper two panels the contributions
from the different processes are compared for WM1ad and W4
models. The lower left panel shows the results for four models
with different profiles of B(r) in the precursor: WM1, WM2,
WM3, and WM4 models. The results for the hot-ISM models
are shown in the lower right panel.
As shown in Figure 5, the slope of the electron spectrum is
almost universally qe ≈ 4.2 for γe ∼ 103 − 105, so the spectral
shape of the radio synchrotron emission should be similar in
different models. On the other hand, the X-ray synchrotron
emission can be affected by the radiative cooling. In the hot
ISM models, the postshock CR electron population has not
cooled significantly by t/to = 0.5, so νLν has a relatively sharp
peak in the X-ray band. In the warm ISM models with much
stronger amplified magnetic fields, the rise of νLν in X-ray
synchrotron emission before the cutoff is flattened by the ra-
diative cooling. This demonstrates that the spectral shape in
the X-ray band is affected by the evolution of B(r, t) as well as
the shock dynamics, us(t). In particular, for the WM4 model
a distinctive signature of electron cooling can be seen in iC
emission for Eγ = 1 − 100 GeV (in the case where iC emission
dominates over π0 decay emission).
With the assumed value of Ke/p and a background radiation
field representative of the galactic plane, π0 decay emission
dominates over electronic iC scattered emission in the GeV-
TeV γ-ray band. As can be seen in Figures 2 and 3, the high
energy end of CR proton spectra vary widely among different
models, depending on the models for MFA and Alfvénic drift,
so the ensuing π0 decay emission spectra can be very differ-
ent. Model WM1ad shown in the top left panel has the proton
cutoff at Ep,max ∼ 104 GeV and the γ-ray cutoff at Eγ ∼ 4
TeV (1027 Hz). For this model, the shape of νLν due to π0
decay is slightly steeper than the flat spectrum expected for
the test-particle power law with qp = 4. The warm ISM mod-
els with other MFA models, M2-M4, have the γ-ray cutoff
at higher energies, Eγ ∼ 10 − 100 TeV, and their π0 decay
emission spectra show a concave curvature. Such a signa-
ture of nonlinear DSA has not been observed in real SNRs,
so these models are probably unrealistic and a significant re-
vision for the current DSA theory is called for. But as stated
before, our focus here is to demonstrate how different models
for MFA, Afvénic drift and FEB affect the high energy end
of the CR proton spectra and their nonthermal emission spec-
tra. We note that the sharp feature near Eγ ∼ 100 MeV comes
from the low energy cross-section for the p − p collision.
4. SUMMARY
The most direct evidence for the particle acceleration at
SNR shocks can be provided by multi-wavelength observa-
tions of nonthermal radiation emitted by CR protons and elec-
trons (e.g. Berezhko et al. 2012; Morlino & Caprioli 2012;
Kang et al. 2012). Recent observations of young SNRs in
the GeV-TeV bands seem to imply that the accelerated pro-
ton spectrum might be much steeper than predicted by con-
ventional nonlinear DSA theory, which is based on some
simplifying assumptions for wave-particle interactions (e.g.
Acero et al. 2010; Acciari et al. 2011; Giordano et al. 2012).
Thus a detailed understanding of plasma physical processes
at collisonless shocks is essential in testing the DSA hy-
pothesis for the origins of Galactic CRs (e.g. Caprioli 2012;
Kang 2013). In this study, we have explored how magnetic
field amplification, drift of scattering centers, and particle es-
cape could affect the outcomes of nonlinear DSA at the outer
shock of Type Ia SNRs, implementing some phenomenologi-
cal models for such processes into the exiting DSA simulation
code.
Given the current lack of full understanding of different es-
sential processes, we have considered several heuristic models
and included a moderately large number of models and pa-
rameters in order to examine underlying model sensitivities.
We do not claim that any of these models accurately repre-
sent real, young SNRs. We have, in particular, considered: a)
four different models for magnetic field amplification (MFA),
B(r, t), in the precursor, b) inclusion of wave damping (→
plasma heating) through a parameter, ωH, c) Alfvénic drift,
with allowance for super-gyro-scale field disorder, through a
drift speed adjustment parameter, fA, d) inclusion of down-
stream, postshock Alfveníc drift in some cases, e) a free es-
cape boundary (FEB) with adjustable scale through a param-
eter, ζ, f) reduced CR scattering efficiency towards the front
of the shock precursor, through a diffusion scale parameter,
K(r), and g) variation of the thermal leakage injection rate
through a parameter, ǫB. In these, kinetic DSA simulations the
time-dependent evolution of the pitch-angle averaged phase-
space distribution functions of CR protons and electrons are
followed along with the coupled, dynamical evolution of an
initially Sedov-Taylor blast wave. Radiation spectra from the
CR electrons and protons have been calculated through post
processing of the DSA simulation data.
Since the spatial profile of the amplified magnetic field,
B(r, t), is not in general a simple step function, the time-
dependent evolution of the particle acceleration depends on
interplay between smaller diffusion coefficient and faster
Alfvénic drift, which have opposite effects on DSA. Stronger
magnetic fields result in smaller scattering lengths and faster
acceleration, leading to higher pmax and greater precursor
compression. On the other hand, faster Alfvénic drift away
from the shock steepens the CR spectrum and reduces the CR
acceleration efficiency (Ptuskin et al. 2010; Caprioli 2012).
The main results can be summarized as follows.
1. The high energy end of the proton spectrum depends
sensitively on the strength and profile of the amplified mag-
netic field in the precursor. For typical SNR shock properties
considered here, the maximum proton energy can reach up
to Ep,max ≈ 1 PeV except for one MFA model (M1, Equa-
tion (2)) which has a very thin region of amplified magnetic
field in the precursor, such that its effective width is less than
the diffusion length of the highest energy particles produced
in the other MFA models. Consequently, in the M1 models,
in which the magnetic field is not amplified significantly for
most of the precursor, DSA is too slow to reach such high
energies. This model exhibits relatively less CR spectral con-
cavity as a byproduct of its relative inability to accelerate to
very high energies.
2. The MFA models M2 - M4 given in Equations (3)-
(5) produce broader magnetic field precursors than the M1
model. In those models the CR spectrum is indeed steepened
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significantly for E < 10 TeV by fast Alfvénic drift. But the
CR spectrum for E > 10 TeV shows a strong concave curva-
ture, since the high energy ends of the spectra are established
early on, when magnetic fields are being amplified through
the initial development of the precursor. In fact, the CR spec-
tra just below Ep,max in these models can approach the very
hard spectral slope, E−1.
3. In the models with postshock Alfvénic drift (uw,2 ≈ −vA),
the CR spectrum is slightly softer than that of the models
without it, although it remains somewhat concave. In these
models, the CR acceleration efficiency is reduced by a fac-
tor of less than two and MFA in the precursor becomes also
weaker, compared to the models without postshock Alfvénic
drift.
4. Reduced CR scattering efficiencies far upstream of the
shock due, for instance to the turbulent field being dominated
by small scale, non-resonant fluctuations, and resulting escape
of the highest energy particles also regulate the high energy
end of the CR proton spectrum in important ways (i.e., K(r)≥
1). We demonstrated, in addition, that the CR proton spectrum
near the high energy cutoff is strongly influenced by the FEB
location if the high energy diffusion length, lmax, approaches
the width of the precursor; i.e., if L < lmax, where L = ζrs is
the FEB distance. However, the introduction of a diffusion
scale parameter, K(r), or a FEB upstream of the shock simply
lowers pp,max where the exponential cutoff sets in, rather than
steeping the CR spectrum p . pp,max.
5. Nonthermal radiation from SNRs carries significant
information about nonlinear DSA beyond the simple test-
particle predictions. In particular, the shape of X-ray syn-
chrotron emission near the cutoff is determined by the evo-
lution of the amplified magnetic field strength as well as the
shock dynamics.
6. Since the high energy end of the CR proton spectrum
consists of the particles that are injected during the early
stages of SNRs, the spectral shape of π0 decay emission near
the high energy cutoff depends on the time-dependent evolu-
tion of the CR injection, MFA, and particle escape as well as
the early dynamical evolution of the SNR shock. These prop-
erties, in return, depend on dynamical feedback from the CRs
and MFA. The end results are not likely well modeled by a
succession of independent, static solutions.
This study demonstrates that a detailed understanding of
plasma physical processes operating at collisionless shocks
is crucial in predicting the CR energy spectra accelerated at
SNR shocks and nonthermal emissions due to those CRs.
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TABLE 1
MODEL PARAMETERSa
Nameb nH T0 B(r) fA c ωH ζ d uw,2 ǫB
(cm−3) (K) for r > rs
WM1 0.3 3× 104 Eq. (2) 0.5 0.5 0.1 0 0.215
WM1ad 0.3 3× 104 Eq. (2) 0.5 0.5 0.1 −vA 0.215
WM1li 0.3 3× 104 Eq. (2) 0.5 0.5 0.1 0 0.2
WM1Bohme 0.3 3× 104 Eq. (2) 0.5 0.5 0.1 0 0.215
WM1feb2 0.3 3× 104 Eq. (2) 0.5 0.5 0.25 0 0.215
WM1feb3 0.3 3× 104 Eq. (2) 0.5 0.5 0.5 0 0.215
WM2 0.3 3× 104 Eq. (3) 0.5 0.5 0.1 0 0.215
WM2ad 0.3 3× 104 Eq. (3) 0.5 0.5 0.1 −vA 0.215
WM3 0.3 3× 104 Eq. (4) 0.5 0.5 0.1 0 0.215
WM3ad 0.3 3× 104 Eq. (4) 0.5 0.5 0.1 −vA 0.215
WM4 0.3 3× 104 Eq. (5) 0.5 0.5 0.1 0 0.215
WM4ad 0.3 3× 104 Eq. (5) 0.5 0.5 0.1 −vA 0.215
HM1 0.01 106 Eq. (2) 0.5 0.5 0.1 0 0.215
HM1ad 0.01 106 Eq. (2) 0.5 0.5 0.1 −vA 0.215
HM1li 0.01 106 Eq. (2) 0.5 0.5 0.1 0 0.2
a For all the models, the SN explosion energy is E0 = 1051ergs, and B0 = 5µG. The
normalization constants are ro = 3.18pc and to = 255 years for the warm ISM mod-
els and ro = 9.89pc and to = 792 years for the hot ISM models. All simulations are
initialized from ST conditions at t/t0 = 0.2.
b
‘W’ and ‘H’ stand for the warm and hot phase of the ISM, respectively. ’M1-M4’
indicates the different MFA models, B(r), in the precursor, as defined in section 2.2.
c See Equation (12) for the Alfvén drift parameter, fA .
d Free escape boundary is at rFEB = (1 + ζ)rs(t).
e Same as WM1 except that K(r) = 1 (Bohm diffusion) for r > rs.
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FIG. 1.— Magnetic field profile, B(r), and the CR proton spectrum at the subshock location, gp(xs), are shown at t/to = 0.5 (black solid lines), 1 (red dotted),
2 (blue dashed), and 5 (green dot-dashed) in WM1 (Equation [2]), WM2 (Equation [3]), WM3 (Equation [4]) and WM4 (Equation [5]) models (from top to
bottom). See Table 1 for model parameters. The radial coordinate is normalized with the shock radius, rs(t) at a given epoch. Here to = 255 yr.
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FIG. 2.— CR pressure profile and the CR spectra are shown at t/to = 1 (to = 255 years) for WM1 (black solid lines), WM2 (red dotted), WM3 (blue dashed])
and WM4 (green dot-dashed) models. The volume integrated distribution functions, Gp(p) for protons and Ge(p) for electrons, and the time-integrated spectrum
of escaped protons, Φesc(p), are given in arbitrary units. In the lower left panel, Φesc(p) (thin lines), and the sum of Gp(p) and Φesc(p) (thick lines) are shown at
t/to = 10 for the same four models. Here Ke/p = 1 is assumed.
Diffusive Shock Acceleration at SNRs 15
FIG. 3.— Same as Figure 2 except the models with downstream Alfvénic drift, WM1ad (black solid lines), WM2ad (red dotted), WM3ad (blue dashed) and
WM4ad (green dot-dashed) models are shown.
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FIG. 4.— Profiles of the volume-integrated CR pressure and the magnetic field, and the CR spectra are shown at t/to = 1 for WM1 (black solid lines), WM1feb3
(red dotted), and WM1Bohm) (green dot-dashed) models. In WM1feb3 model the FEB is located at r = 1.5 · rs, whereas the function K(r) = 1.0 for r > rs in
WM1Bohm model. Here Ke/p = 1 is assumed. See Table 1 for model parameters.
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FIG. 5.— Left: Volume integrated proton spectrum at t/to = 1 for the warm-ISM models (top three rows) and at t/to = 0.5 for the hot-ISM models (bottom
row). Right: Power-law slope of Gp, q = −∂ lnGp/∂ ln p + 4, which are shown in the left panels. The horizontal line marks q = 4. From top to bottom the line
types are chosen as follows: WM1 (black solid), WM2 (red dotted), WM3 (blue dashed), WM4 (green dot-dashed); WM1ad (black solid), WM2ad (red dotted),
WM3ad (blue dashed), WM4ad (green dot-dashed); WM1 (black solid), WM1feb2 (red dotted), WM1feb3 (blue dashed), WM1Bohm (green dot-dashed); HM1
(black solid), HM1ad (red dotted), HM1li (blue dashed).
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FIG. 6.— Time evolution of the gas density ρ1 (ρ2) immediate upstream (downstream) of the subshock, and magnetic field strengths, B1 and B2, postshock
CR pressure, PCR,2 in units of the ram pressure of the unmodified Sedov-Taylor solution (UST/uo = 0.46(t/to)−3/5), the injection fraction, ξ, and the total volume
integrated CR energy in units of Eo in different models: WM1 (black solid lines), WM2 (red dotted), WM3 (blue dashed), WM4 (green dot-dashed), WM1li
(magenta long-dashed) in the left column, and WM1ad (black solid lines), WM2ad (red dotted), WM3ad (blue dashed), WM4ad (green dot-dashed) in the right
column. For WM1li model only PCR,2, ξ, and ECR are shown. In the second row from the top, the straight dotted lines represent Bsat = (8π · 0.005ρ0UST)1/2.
Note to = 255 yrs for the warm ISM models.
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FIG. 7.— Volume integrated radiation spectra, νLν (erg/s), are shown. Here Ke/p = 10−4 is assumed. Top left and right panels: synchrotron (red dotted line),
bremsstrahlung (blue long dashed), iC scattering (green dashed), π0 decay (magenta dot-dashed), and the total spectrum (black solid) are shown at t/to = 1 for
WM1ad (left) and WM4 (right) models. Bottom left: Total radiation spectrum at t/to = 1 for WM1 (black solid line), WM2 (red dotted), WM3 (green dashed),
and WM4 (blue long dashed) models. Bottom right: Total radiation spectrum at t/to = 0.5 for HM1 (black solid line), HM1ad (red dotted), HM1li (green dashed)
models. See Table 1 for different model parameters.
